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We gain tight rigorous bounds on the renormalisation fixed point for period doubling in families
of unimodal maps with degree 4 critical point. We prove that the fixed point is hyperbolic and use a
contraction mapping argument to bound essential eigenfunctions and eigenvalues for the linearisation
and for the scaling of additive noise. We find analytic extensions of the fixed point function to larger
domains. We use multi-precision arithmetic with rigorous directed rounding to bound operations in
a space of analytic functions yielding tight bounds on power series and universal constants.
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I. INTRODUCTION
A. Background
An explanation for the remarkable universality ob-
served in period-doubling cascades for families of
unimodal maps of the interval with quadratic critical
point was offered by Feigenbaum [1–3] and Coullet
and Tresser [4] in terms of a renormalisation opera-
tor acting on a suitable space of functions.
The explanation rests on the following conjec-
tures: There exists a nontrivial hyperbolic renormal-
isation fixed point. The spectrum of the linearisa-
tion of the operator has a single essential expanding
eigenvalue. The associated one-dimensional unsta-
ble manifold crosses the manifold corresponding to
functions with superstable period 2n orbits transver-
sally for sufficiently large n.
Lanford [5] established the existence of a nontriv-
ial locally-unique hyperbolic fixed point of the op-
erator by rigorous computer-assisted means. He es-
tablished that a certain quasi-Newton operator is a
contraction mapping on a carefully chosen ball in
a suitable space of functions and then bounded the
spectrum of the derivative of the operator at the
fixed point in order to establish hyperbolicity.
The efficacy of rigorous computer-assisted proofs
in this area is apparent in the body of work that
followed. Eckmann et al [6, 7] proved the existence
of a fixed point of the corresponding renormalisa-
tion operator for period doubling in area-preserving
maps, providing a detailed framework for rigorous
computation in Banach spaces of multivariate ana-
lytic functions. Eckmann and Wittwer [8] examined
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universality in period doubling for families of uni-
modal maps in the limit of large even integer degree
at the critical point.
These techniques have also proved effective in es-
tablishing universal scaling results concerning the
breakup of quasiperiodicity in various scenarios.
Mestel [9] proved the existence and hyperbolicity
of a renormalisation fixed point for the breakup of
quasiperiodicity in circle maps with golden mean ro-
tation number. MacKay [10] examined critical scal-
ing in the breakup of invariant tori in area-preserving
maps, and Stirnemann [11] proved the existence of
the corresponding critical fixed point for the breakup
of conjagacy to rigid rotation taking place on the
boundary of Siegel discs in iterated complex maps.
Analytical proofs of universality for critical scal-
ing in the period doubling of families of unimodal
maps have been been harder to come by. Cam-
panino et al [12] proved existence of the nontrivial
renormalisation fixed point for period doubling in
the case of unimodal maps with degree 2 at the crit-
ical point. Epstein [13] established that solutions to
the corresponding functional equation exist within
the class of even functions of general degree at the
critical point providing another proof that did not
require a computer. Eckmann and Wittwer [14] re-
cast the problem in terms of an extended renormal-
isation group operator, written in a form that in-
cludes the bifurcation parameter itself, and hence
established existence and hyperbolicity of the fixed
point for maps with degree 2 at the critical point,
together with transversal crossing of the manifold of
superstable period two functions by the correspond-
ing unstable manifold, thus providing a full proof of
the Feigenbaum conjectures in the case of critical ex-
ponent 2. The reader is referred to Cvitanovic [15]
for a thorough compendium of results in this area.
The work of Douady and Hubbard in complexify-
ing the operator, together with Sullivan’s program
to find the fixed point [16, 17], enriched the field with
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2ideas from holomorphic dynamics, Teichmueller the-
ory, and hyperbolic geometry. McMullen [18, 19] de-
veloped the approach of quasiconformal rigidity and
hence established global uniqueness of the nontrivial
renormalisation fixed point. Lyubich [20] and Avila
and Lyubich (see, in particular, [21]) extended global
uniqueness and hyperbolicity of the fixed point to
arbitrary even integer degree, establishing the ex-
istence of a renormalisation horseshoe. Faria et al
[22] have extended global hyperbolicity from ana-
lytic to Cr mappings in the degree 2 case. A survey
of four decades of research in the area is provided
by [23]. More recently, Gorbovickis and Yampolsky
[24] have broadened the reach to certain maps with
non-integer critical exponent.
B. Overview
In this note, we focus on universality in period-
doubling of unimodal maps of degree 4 at the critical
point and note that maps with other even integer
degrees are amenable to the same treatment. We
adapt the methods of proof of [5–11], using rigorous
computer-assisted means (‘function-ball algebra’) to
gain tight bounds on the nontrivial fixed point of the
renormalisation operator, by showing that a quasi-
Newton operator for the fixed-point problem is a
contraction map on a suitable ball in a Banach space
of analytic functions (Sections II, III).
We bound the spectrum of the derivative of the
operator at the fixed point, establishing the hyper-
bolic structure. By recasting the resulting eigen-
problem for the derivative operator in nonlinear
form, we use a novel contraction mapping argument
to gain tight rigorous bounds on eigenfunctions and
their corresponding eigenvalues. In particular, we
gain tight bounds on the eigenfunction correspond-
ing to the essential expanding eigenvalue delta (Sec-
tion IV). By adapting the method to the relevant
operator, and dealing with the corresponding depen-
dency problem in the rigorous function ball frame-
work, we bound the eigenfunction and eigenvalue
that govern the universal scaling of additive uncorre-
lated noise (Section V). By using a recursive scheme
based on the fixed-point equation, we gain rigorous
bounds on the domain of analyticity of the renor-
malisation fixed point (Section VI).
Our computations use multi-precision arithmetic
with rigorous directed rounding modes to bound
tightly the coefficients of the relevant power series
(including the polynomial parts taken to high trun-
cation degree alongside rigorous bounds on all high-
order terms). Indeed, we are able to obtain bounds
that are tight, in the `1-sense, on the power series
coefficients of the critical fixed point, on the eigen-
functions corresponding to critical scaling in both
the dynamical space and the parameter space, and
on the eigenfunction corresponding to the critical
scaling of additive noise, together with their accom-
panying universal scaling constants.
Working to degree 2560 (reduced to 640 via sym-
metry), we are able to bound the fixed point within
a ball of analytic functions of `1 radius 10−331. Sim-
ilarly, we bound the eigenfunction corresponding
to the parameter-scaling eigenvalue within radius
10−325 and the eigenfunction controlling the scal-
ing of additive noise within radius 10−323. We note
that the individual power series coefficients of these
functions are therefore constrained within intervals
having those same radii. This yields bounds on uni-
versal scaling constants in both the dynamical and
the parameter space, and on the eigenvalue for scal-
ing of additive noise: we are able to prove 331, 325,
and 323, digits of these correct, respectively.
II. THE RENORMALISATION FIXED
POINT
A. The renormalisation operator
We consider the operator R defined by
Rg(x) , a−1g(g(ax)), (1)
where a = ag , g(1) is chosen to preserve the nor-
malisation g(0) = 1. (We note that other choices for
a, also preserving this normalisation, may be taken
and that, as is well-known, the particular variant
will later affect the spectrum of DR(g) only up to
coordinate-change eigenvalues.)
We seek a nontrivial fixed point of R, with a crit-
ical point of even integer degree d at the origin, in a
Banach space A , A (Ω) of functions analytic on an
open disc Ω = D(c, r) , {z ∈ C : |z − c| < r} and
continuous on its closure, Ω, with (finite) `1-norm.
Specifically, we let X = Q(x) , xd and write
g(x) = G(Q(x)) = G(X).
We then seek a fixed point of the corresponding op-
erator T defined by
TG(X) , a−1G(Q(G(Q(a)X))), (2)
where a , G(1).
In what follows, we focus exclusively on the case
d = 4, the case d = 2 having been studied exhaus-
tively. We deal with the cases of more general even
integer degree and, separately, odd degree, at greater
depth in forthcoming publications.
3B. The disc algebra
We write G ∈ A (Ω) as
G = Gu ◦ ψ,
where ψ : Ω → D , D(0, 1) is the affine map from
the domain Ω to the unit disc given by
ψ : x 7→ x− c
r
.
We then take Gu ∈ A (D), the disc algebra: the
set of functions analytic on the open unit disc D
and continuous on its closure, D, with (finite) `1-
norm. Equipped with the usual addition and scalar
multiplication, viz. (f + g)(x) = f(x) + g(x) and
(αf)(x) = αf(x), and with the `1-norm, A (D) (and,
hence, A (Ω)) is a Banach space (moreover, when
equipped with the product (f · g)(x) = f(x) · g(x),
it is a commutative unital Banach algebra) isometri-
cally isomorphic to the sequence space `1; functions
f ∈ A (Ω) may be written as power series expansions
f(x) =
∞∑
k=0
ak
(
x− c
r
)k
,
convergent on Ω.
C. Nonrigorous calculation
Firstly, we compute approximate fixed points of
the renormalisation operator, T , by working in the
space of truncated power series of some fixed degree
N expanded on the disc Ω. To this end, we write `1
as the direct sum,
`1 ∼= RN+1 ⊕ `1,
and let PA andHA = (I−P )A denote the canonical
projections onto the polynomial part and high-order
part of the space, respectively. Thus we may write
f ∈ A as
f = fP + fH ,
with fH ∈ HA and fP ∈ PA where
fP (x) =
N∑
k=0
ak
(
x− c
r
)k
.
As a starting point, we consider the one-parameter
family of maps given by
fµ(x) = 1− µxd,
and choose a parameter value µ close to the accu-
mulation µ∞ of the first period-doubling cascade
for the family. (The intention is to find a func-
tion that lies close to the stable manifold of the
critical renormalisation fixed point.) In the case
d = 4, we establish, by locating superstable pe-
riodic orbits of periods 2k for 1 ≤ k ≤ 32, that
µ∞ ' 1.594901356228820564497828. Writing fµ =
G ◦Q and then applying the (truncated) renormali-
sation operator iteratively until we no longer observe
an improvement in the residue ‖Tn+1(G)− Tn(G)‖
(when working with our chosen truncation degree
and precision) then provides an initial approximate
fixed point.
D. Newton operator
We note that fixed points of T are zeros of the
operator F = T −I, and perform Newton iterations,
in the space of power series truncated to degree N ,
to approximate such a zero. The one-step Newton
operator is given by
φ : G 7→ G− [DF (G)]−1F (G)
= G− [DT (G)− I]−1(T (G)−G), (3)
in which DT (G) ∈ B(A,A) denotes the tangent
map of T at G, given formally by the Frechet deriva-
tive
DT (G) : δG 7→ − a−2δaG(Q(G(Q(a)X)))
+ a−1
(
δG(Q(G(Q(a)X)))
+G′(Q(G(Q(a)X))) ·Q′(G(Q(a)X)) · [δG(Q(a)X)
+G′(Q(a)X) ·Q′(a)δa ·X]), (4)
4where δa = δG(1). After the Newton iterations con-
verge to our chosen precision, we denote the result-
ing approximate fixed point by G0. (See Fig. 1.)
Our goal is then to appeal to the contraction map-
ping theorem to prove that the operator T has a
locally-unique fixed point in a ball B1 of functions
centered on G0 in the space A (Ω). The operator T
is not itself contractive at the fixed point (indeed, we
later bound the spectrum of the derivative there and
obtain the eigenfunctions corresponding to the ex-
panding eigenvalues). However, we can find a quasi-
Newton operator Φ that has the same fixed points
as T and establish instead that Φ is a contraction
mapping on B1.
III. EXISTENCE OF THE FIXED POINT
A. Rigorous computations in the function
space
We bound operations in the function space A (D)
(and hence A (Ω)) by maintaining careful control
over the coefficients of truncated power series along
with all high-order terms. In order to maintain
rigour, we work with interval arithmetic using high-
precision computer-representable bounds with di-
rected rounding modes, conforming to the relevant
industry standards. To this end, we define a ball of
functions, centered on a polynomial fP ∈ PA (D),
with high-order bound vH ≥ 0 and general bound
vG ≥ 0, as follows
B(fP ; vH , vG) ,
{
f ∈ A (D) :
f = fP + fH + fG,
fH ∈ HA (D), ‖fH‖ ≤ vH ,
fG ∈ A (D), ‖fG‖ ≤ vG
}
.
Following [7, 8], we extend the definition slightly,
to the case where the function fP is not known ex-
actly, but rather has coefficients ak confined within
intervals. Let vP = ([b0, c0], . . . , [bN , cN ]) ∈ JN+1 be
a vector of intervals (here, J denotes {[a, b] : a, b ∈
R, a ≤ b}). Given the bounds v = (vP , vH , vG), we
define the standard function ball B(v) ⊂ A (D) by
B(vP , vH , vG) ,
{
f ∈ A (D) :
f = fP + fH + fG,
fP ∈ PA (D),
fP (x) =
N∑
k=0
akx
k, ak ∈ [bk, ck],
fH ∈ HA (D), ‖fH‖ ≤ vH ,
fG ∈ A (D), ‖fG‖ ≤ vG
}
.
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FIG. 1. Nonrigorous approximations of the function G∗
(topmost) and g∗(z) for z ∈ [−|α|k, |α|k] for k = 3, 5, 9.
The resulting set of functions is convex and compact.
The definition extends in a natural way to function
balls BΩ(vP , vH , vG), for a general disc Ω, by writing
f = fu ◦ ψ where fu ∈ B(vP , vH , vG).
We bound operations on the function space A (Ω)
by first choosing computer-representable numbers
for the quantities in v , (vP , vH , vG). For each bi-
nary operation ⊕, we then design a version, ⊕b, act-
5ing on bounds v, w such that ∀f ∈ B(v),∀g ∈ B(w),
f ⊕ g ∈ B(v)⊕B(w) ⊆ B(v ⊕b w).
The operation v⊕bw, on bounds, is constructed care-
fully in order to guarantee that the above inclusion
holds even when implemented using finite-precision
arithmetic. In this way, all vector space operations,
together with the product, f ·g, composition of func-
tions, f ◦ g, differentiation followed by composition,
f ′ ◦ g, and the norm ‖f‖, may be bounded. For an
exhaustive exposition, in the case of maps of two
variables, see [7].
B. Quasi-Newton operator
The Newton operator for the fixed-point problem
was shown in equation 3. However, in order to es-
tablish contractivity, we would need to work with
its derivative, which would involve taking the sec-
ond Frechet derivative of T . While possible, this
proves to be inconvenient in practice. Instead, we
note that if Λ is any invertible linear operator, then
the fixed points of the quasi-Newton method given
by
Φ : G 7→ G− Λ(T (G)−G), (5)
are exactly the fixed points of T . We choose
Λ ' [DT (G)− I]−1.
Specifically, we approximate the Frechet derivative
DT (G) by a fixed linear operator ∆ ' DT (G0) with
action zero on high-order terms. For the polynomial
terms, we evaluate the expression for the Frechet
derivative at Schauder basis elements forming the
sequence of monomials
ej(x) =
(
x− c
r
)j
,
for j = 0, . . . , N and bound the resulting matrix ele-
ments by trivial intervals to give a real interval ma-
trix denoted ∆PP . We compute an interval matrix
ΛPP guaranteed to bound the inverse (∆PP − I)−1.
Thus the corresponding linear operator Λ has action
ΛPP on the polynomial part of the space, and action
−I on the high-order part.
C. Bound 1: distance moved by the
approximate fixed point
In order to use the contraction mapping princi-
ple, we need to prove that a certain ball in A (Ω) is
mapped into itself contractively by Φ. We achieve
this by establishing two bounds: a bound on how
far the approximate fixed point G0 moves under the
operator Φ, and a bound on the derivative DΦ that
we will use in order to show that Φ is contractive
and that Φ maps the ball to itself.
To this end, we define a ball of functions B0 =
BΩ(G
0; 0, 0) of radius zero; the singleton {G0}. By
applying Φ to B0, in the sense of using the correp-
sonding function ball operations to contain the re-
sult, we gain a rigorous bound on how far G0 moves
under Φ:
‖Φ(G0)−G0‖ < ε. (6)
We now choose a radius ρ > ε and form the function
ball B1 = BΩ(G0; 0, ρ), on which we need to prove
that Φ is a contraction mapping.
D. Domain extension
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FIG. 2. Verification of the domain extension conditions
computed using the function ball B1, using a rigorous
covering of the boundary ∂Ω by 256 rectangles.
The first step in what follows is to show that T is
well-defined and differentiable, with compact deriva-
tive, on B1. We do this by establishing the ‘domain
extension’ or ‘analyticity improving’ property [9, 10]:
for all G ∈ B1 we demand that
Q(a)Ω ⊂ Ω, (7)
Q(G(Q(a)Ω)) ⊂ Ω. (8)
In the above, the overline denotes topological clo-
sure. Recall that we take a , G(1). Thus the
6universal quantifier is not vacuous for equation 7.
Systematic experimentation is used to find a suit-
able domain Ω = D(c, r). For d = 4, we may choose
Ω = D(0.5754, 0.8). The domain may be improved
further by choosing c so as to minimise the absolute
value of the constant term on Gu where G0 = Gu◦ψ.
Doing so reduces the dominant contribution to the
error bounds involved in composition. Fig. 2 illus-
trates domain extension for a rigorous covering of
the boundary ∂Ω.
We note that the space A (Ω) is infinite-
dimensional and has the bounded approximation
property [25, 26]. It follows that the spectrum of
a compact operator consists of 0 together with only
isolated eigenvalues of finite multiplicity. The spec-
trum of finite-rank approximations converges to the
spectrum of the operator itself; if L is compact and
‖L′−L‖ → 0, then the spectrum of L′ (and, indeed,
the corresponding eigenfunctions) converges to that
of L apart from at 0 [27]. (In the case of complex do-
mains, one can prove that domain extension yields
compactness by appealing to the Cauchy estimates
on suitable discs ∆w = D(c, w) for w ≤ r′ < r
to provide uniform continuity, and hence establish
normality. Montel’s theorem then implies the result
[10].) Compactness will prove crucial in bounding
the spectrum of the linearisation DT (G) at the fixed
point in section IVC.
E. Bound 2: uniform contractivity
Our final goal is to find a uniform bound on the
contractivity of Φ on B1. We do this by bounding
‖DΦ(G)‖ ≤ κ < 1, ∀G ∈ B1, (9)
for a suitable norm, and then appealing to the mean
value theorem (that this yields uniform contractivity
may be seen by considering the line segment joining
any two points in the convex set B1 and noting that
a bound on the norm of DΦ(G) valid for all G ∈ B1
provides an upper bound on all of the corresponding
pairwise contractivities).
The Frechet derivative of the quasi-Newton oper-
ator Φ (from equation 5) is given by
DΦ(G) : δG 7→ δG− Λ[DT (G)δG− δG]. (10)
We bound DΦ(G) in the maximum column sum
norm. That is, we bound the norms ‖DΦ(G)ek‖
for all basis elements ek and then take the supre-
mum. To do this, we bound the action of the Frechet
derivative of Φ at B1 on function balls containing the
ek. Firstly, we let Ek , B(ek; 0, 0) for k = 0, . . . , N ,
i.e., we consider singletons containing each of the
polynomial basis elements. The problem of captur-
ing the (infinitely-many) norms that remain is re-
duced to a finite computation by taking the single
ball EH , B(0; 1, 0), i.e., the convex hull of all high-
order basis elements, and bounding ‖DΦ(B1)EH‖,
i.e., ‖DΦ(G)δG‖ ∀G ∈ B1,∀δG ∈ EH . Bounding
the supremum of these norms yields
κ ≥ sup {‖DΦ(G)E‖} ,
taken for all G ∈ B1 and all E ∈ {E0, . . . , EN , EH},
from which, for κ < 1, the mean value theorem de-
livers the uniform bound on contractivity
‖T (f)− T (g)‖ ≤ κ‖f − g‖ ∀f, g ∈ B1.
FIG. 3. Schematic of the contraction mapping.
F. Dependency problems
It is crucial, for the case where δG is a high-order
perturbation, i.e., δG ∈ HA (Ω), to mitigate the
function ball analogue of the dependency problem,
well-known in interval arithmetic [28, 29]. In the
expression for DΦ (equation 10), the action of Λ on
high-order terms is −I, thus the action of DΦ on a
high-order perturbation δbH is given by:
DΦ(B1)δbH = δbH − Λ
[
DT (B1)δbH − δbH
]
(11)
= δbH − Λ
[
DT (B1)δbH
]− δbH (12)
= −Λ [DT (B1)δbH] . (13)
Computing the norm ‖DΦ(B1)EH‖ naively by per-
forming function ball operations based on expres-
sion 11 instead of expression 13 would result in an
upper bound on contractivity larger than 2, even in
the case where DΦ(B1) is indeed contractive, due to
the implicit presence of uncancelled terms δbH−δbH
in 12. The operands in an expression of the form
‖f−g‖ are treated as independent (high-order) func-
tions, here, subject only to the bounds ‖f‖, ‖g‖ ≤ 1.
7G. Existence and local uniqueness
Finally, using the bounds obtained in equations 6
and 9, we verify the inequality
ε < ρ(1− κ),
to ensure that Φ(B1) ⊂ B1, which establishes that
Φ is a contraction mapping on B1. Fig. 3 illustrates
the situation schematically. Hence, Φ (and, there-
fore, T ) has a locally unique fixed point, G∗ ∈ B1.
For degree d = 4, for example, and using our cho-
sen disc Ω, we are able to complete the proof by
choosing truncation degree N = 40, thus g has de-
gree 160. Working with precision equivalent to 40
digits in the significand, we obtain ε = 1.59×10−21,
and choosing ρ = 10−20 gives κ = 6.88× 10−3.
-20 -10 0 10 20
-4
-2
0
2
4
-4 -2 0 2 4
-10
-5
0
5
FIG. 4. Rigorous coverings of the functions G∗ (top)
and g∗ (bottom) using 10 (dashed lines), 50, and 500
rectangles computed using the function ball B1 3 G∗
together with the fixed-point equation.
H. Tight bounds on the fixed point
In proving the existence of the fixed point, a rel-
atively low truncation degree for G and a relatively
low precision is adequate (indeed, one could even
have used standard 64-bit double precision numbers,
with careful control over directed rounding modes).
The resulting function ball radius ρ gives an `1-
bound on the accuracy of the intervals bounding the
coefficients of G.
We improve these bounds significantly by both in-
creasing the truncation degree and by using rigorous
multi-precision arithmetic. Table I shows param-
eters and bounds proven valid for establising the
existence of G∗ and hence g∗. Table II lists the
digits of the relevant universal constants, including
a4 , g∗(1), that we have been able to prove cor-
rect as a result (for comparable numerical results,
see [30, 31]).
Figure 4 demonstrates a rigorous covering of the
fixed-point functionsG∗ (resp. g∗). These were com-
puted by using the function ball B1 (resp. B1 ◦ Q)
with truncation degree 40 on the domain Ω (resp. on
the preimage Q−1(Ω)) together with recurrences de-
rived from the corresponding fixed-point equations
in order to bound the functions on larger subsets of
R \ Ω (resp. on its preimage under Q).
IV. SPECTRAL THEORY
A. The spectrum
We now address hyperbolicity of the fixed point.
The space A is infinite-dimensional. Thus, compact-
ness of a bounded linear operator L ∈ B(A,A) im-
plies that the spectrum of L consists of the origin
together with a countable set of isolated eigenvalues
of finite multiplicity (which accumulate at 0) [25].
We note that the spectrum of DT (G) and that of
DR(g) are related in the following manner. Consider
G ∈ A and δG ∈ A and let g = G◦Q and δg = δG◦Q,
then we have
(DT (G)δG) ◦Q = DR(g)δg.
Then λ ∈ σ(DT (G)) with DT (G)V = λV implies
that λ ∈ σ(DR(g)) with DR(g)v = λv where v =
V ◦Q.
The spectrum of DT (G∗) has 2 eigenvalues in the
complement of the closed unit disc,
α44, δ4,
whereas the spectrum of DR(g∗) has 5 eigenvalues
in the complement of the closed unit disc,
α44, δ4, α
3
4, α
2
4, α4,
8Fixed point (G∗) Delta eigenfunction (V ∗) Noise eigenfunction (W ∗)
N #bits ε ρ κ εˆ ρˆ κˆ ε˜ ρ˜ κ˜
40 132 1.59 · 10−21 10−20 6.88 · 10−3 3.17 · 10−16 10−15 1.17 · 10−3 2.35 · 10−16 10−15 7.85 · 10−3
80 265 3.75 · 10−42 10−41 1.01 · 10−6 4.88 · 10−37 10−36 1.39 · 10−7 7.33 · 10−37 10−36 1.90 · 10−7
160 531 7.84 · 10−84 10−83 1.36 · 10−12 8.37 · 10−79 10−78 1.87 · 10−13 8.57 · 10−78 10−77 4.32 · 10−14
320 1063 2.89 · 10−166 10−165 3.01 · 10−24 1.52 · 10−160 10−159 4.12 · 10−25 6.24 · 10−160 10−159 9.56 · 10−26
480 1594 4.14 · 10−249 10−248 7.28 · 10−36 2.21 · 10−243 10−242 9.99 · 10−37 5.31 · 10−242 10−241 2.32 · 10−37
640 2126 5.01 · 10−332 10−331 1.85 · 10−47 2.90 · 10−326 10−325 2.53 · 10−48 1.36 · 10−324 10−323 5.87 · 10−49
TABLE I. Parameters and bounds valid for rigorous proofs of existence for the renormalisation fixed point, G∗, the
eigenfunction, V ∗, corresponding to δ, and the eigenfunction, W ∗, corresponding to the scaling of additive noise. In
all cases, the number of digits P in the significand, for the decimal floating-point versions of the proofs, was chosen
to be equal to the truncation degree N . (The table also indicates the corresponding number of bits chosen in the
significand for the independent binary floating point versions of the proofs. Experimentation reveals that we may
reduce P at least as far as b2N/3c, for the computations shown, and still gain rigorous bounds of the same orders of
magnitude.)
a4 = -0. 5916099166 3443815013 9624354381 6289537902 2298919075 5829639056 2608082701 6110024444
6553096873 1159671843 1035214180 0643269743 8637238931 2068288207 7993159616 2409259411
5430529642 7613470988 2939926870 4915779588 8740837617 0145437404 8090852176 8119211417
0711171042 5330824210 0970358064 2260084834 3287080164 7846778564 3980486155 4138928900
8050440114 . . .
α4 = -1. 6903029714 0524485334 3780150324 1613482282 7805970956 1966682423 2634497392 1908881055
1432766085 7861529191 5193152630 8212594164 1050775616 3090857294 0573192526 2783102042
4401895602 5177655047 9352262368 7664454132 1907107192 6768349355 4697194567 2766866785
1484514531 8901391119 4135568528 2120804754 6969604755 8987391859 3295066623 5922528661
8546743362 . . .
δ4 = +7. 2846862170 7334336430 8930567995 5530694780 4661979979 0659072121 2901883462 1435067620
0657264503 1360371147 0784357866 9255573693 3221121594 9170167056 0272610414 2834709598
2287873290 2387885867 2064166568 1895073101 1658106317 3127916581 6323366267 7746542527
7844194832 0362437902 4983698686 8146702404 9663158059 7051641021 9527093166 3172744588
9929. . .
γ4 = +8. 2439108542 5258681839 8462365029 2376160673 1776662405 8409262192 5682565366 3924142562
6899642047 2075784242 2300873689 8322349635 1071732825 3743947119 1666888923 2401827811
4543435570 5947708003 7798523831 6683467659 8572907048 7598764245 8476648182 5677074055
9568984297 6849327088 1184491967 8812146275 7670908015 1177052580 3233041606 2789993350
21. . .
TABLE II. Digits proven correct of a4 = G∗(1) (331 digits), α4 = 1/a4 (331 digits), δ4 = ϕ(V ∗) (325 digits), and
γ4 = ϕ(W
∗) (323 digits) obtained from the proof with truncation degree N = 640 for G∗, V ∗,W ∗ (corresponding to
degree 4N = 2560 for g∗, v∗, w∗).
(the latter three correspond to perturbations ruled-
out for DT (G) on symmetry grounds) with the
others in the open unit disc. Note that α44 is
a coordinate-change eigenvalue and that α34, α24, α14
correspond to perturbations that destroy the sym-
metry of the quartic critical point. The eigenvalue
α24 plays a role in tricritical vector scaling for locally
bimodal maps in which one quadratic extremum is
mapped to another, corresponding to an additional
solution q2(x) = g∗(
√
x)2 = G∗(x2)2 of the func-
tional equation R(g) = g with universal scaling con-
stant g∗(1)2 = α24 [32, 33]. We note also that the
choice of a particular normalisation fixing g(0) = 1
affects the spectrum only up to coordinate-change
eigenvalues.
B. Establishing hyperbolicity
We are interested, here, primarily in establishing
the hyperbolic structure of DT (G∗) and DR(g∗),
and on bounding eigenvalues for the purpose of
9matching with eigenfunction-eigenvalue pairs below.
Apart from non-essential eiegnvalues, the only part
of the spectrum of DT (G∗) outside the unit disc is
the eigenvalue δ4 associated with critical scaling in
the parameter space for the period-doubling cascade.
All other eigenvalues are contained in the interior
of the unit disc. Subject to a projection removing
coordinate-change directions and their correspond-
ing eigenvalues, this helps to establish the picture
conjectured by Feigenbaum, in which G∗ has one-
dimensional unstable manifold with eigenvalue δ4
and co-dimension one stable manifold. Transverse
intersection of the unstable manifold with manifolds
of superstable periodic functions has been estab-
lished elsewhere. The conclusion is that families of
maps with critical point of degree 4 that exhibit a
period doubling cascade, and so (generically) cross
the stable manifold transversally, display an asymp-
totically self-similar bifurcation diagram with accu-
mulation rate of period doublings given by δ4. We
FIG. 5. Domain extension for R(g) working in the space
of pairs; g = g0 ⊕ g1 defined on domain Ω = Ω0 ∪ Ω1
(dashed lines), showing that aΩ ⊂ Ω0 (on the left; green
in colour copy) and g(aΩ) ⊂ Ω1 (on the right; red in
colour copy).
prove hyperbolicity for DT (G∗) and also for DR(g∗)
directly in order to bound the relevant eigenvalues.
We first outline the differences for DR(g) before pre-
senting the method common to both. The Frechet
derivative of R is given formally by
DR(f)δf = − a−2δaf(f(ax))
+ a−1δf(f(ax)) (14)
+ a−1f ′(f(ax))δf(ax) (15)
+ a−1f ′(f(ax))f ′(ax)δax,
where δa = δf(1).
In order to define a suitable space of functions in
which to work with R, we require a domain Ω for g,
with 0, 1 ∈ Ω, that satisfies the correponding domain
extension conditions
aΩ ⊂ Ω, (16)
g(aΩ) ⊂ Ω. (17)
In the case d = 4, there is no single disc that
works. However, it is possible to find a union
of two discs that is suitable. Thus, when work-
ing with R and DR(g), we consider hybrid func-
tions: we represent g by a pair of power series;
let g = g0 ⊕ g1 ∈ A (Ω0) × A (Ω1) with domain
Ω = Ω0∪Ω1 where Ω0 = D(c0, r0) and Ω1 = D(c1, r1)
with 0 ∈ Ω0, 1 ∈ Ω1 and Ω0 ∩ Ω1 6= ∅. We obtain a
Banach space by choosing a norm
‖g‖ = ‖g0‖+ ‖g1‖,
corresponding to an `1-norm on A (Ω0)×A (Ω1) ∼=
`1⊕ `1. The corresponding domain maps are ψ0, ψ1,
where ψk : x 7→ (x − ck)/rk. The power series
that we work with are therefore those for gu0 ⊕ gu1 ∈
A (D(0, 1))2, where gk = guk ◦ ψk.
Choosing, for example, Ω = D(−0.1, 0.7) ∪
D(0.85, 0.3) and noting that, in the operator, we
have a , g(1) = g1(1), we are able to prove that
aΩ ⊂ Ω0, (18)
g(aΩ) ⊂ Ω1, (19)
which yields domain extension (Fig. 5); thus R is
well-defined on the resulting space, differentiable,
and the derivative is compact.
We may complete the proof of existence of the
fixed point for R directly by using a ball around an
approximate fixed point in the space of pairs of maps
and, by choosing a suitable basis for the space, we
may then bound the spectrum of DR(g) at the fixed
point directly, allowing perturbations that destroy
the symmetry g = G◦Q (albeit at the cost of working
in the space of pairs of maps).
C. Bounding the spectrum
We establish firstly that the spectrum has the
form described above. For brevity, we demonstrate
this for DT (G∗) (and apply a similar procedure di-
rectly to DR(g∗)). To do this, we make an invertible
change of coordinates that puts DT (G) into a form
C−1DT (G)C close to diagonal, for all G ∈ B1. We
then bound the resulting operator by a so-called con-
tracted matrixM . This is an (m+1)×(m+1) matrix
of rectangles, [a, b] + i[c, d] ⊂ C, with m ≤ N with
the property that if λ = [e, f ] + i[g, h] ⊂ C is a rect-
angle containing an eigenvalue of C−1DT (G)C, then
taking the determinant det(M −λI) using rectangle
arithmetic (a natural complex analogue of interval
10
arithmetic) yields a rectangle containing zero. Thus,
if the determinant is bounded away from zero, then
we conclude that the rectangle λ does not contain
an eigenvalue.
We then consider a smooth one-parameter fam-
ily of linear operators µ 7→ Lµ with L1 = M and
L0 = D, a diagonal operator whose spectrum can
therefore be determined trivially to have the correct
form. We may then identify disjoint circles Γ1,Γ2,Γ3
chosen so that Γ1,Γ2 surround the expanding eigen-
values α44 and δ4 respectively, while Γ3 surrounds
the rest of the spectrum within the interior of the
unit disc; see Fig. 6. We note that the determinant
is continuous in the linear operator and, by prov-
ing that det(Lµ−λI) is bounded strictly away from
zero for all µ ∈ [0, 1] and all λ on each circle, we es-
tablish that no eigenvalue crosses the circles Γ1,Γ2,
and Γ3. Thus the spectrum of DT (G∗) has the same
structure as that of D, with exactly one eigenvalue
bounded within each of Γ1 and Γ2, and the rest of
the spectrum bounded by Γ3 [25].
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FIG. 6. Rigorous coverings of the circles Γ1,Γ2,Γ3 (by
16, 16, and 1000 rectangles, respectively) used to bound
the determinant det(Lµ−λI) away from zero ∀µ ∈ [0, 1]
∀λ ∈ Γ1,2,3 and hence establish that no eigenvalues of Lµ
may intersect Γ1,2,3. The unit circle is shown (dashed)
for comparison.
D. Bounding eigenfunctions and their
eigenvalues
Next, we are able to find tight rigorous bounds
on eigenfunction-eigenvalue pairs (V, λ) by adapting
the method used in the proof of existence of G∗ to
the corresponding eigenproblem,
(DT (G∗)− λI)V = 0.
Specifically, sticking with the sequence of monomi-
als (expanded with respect to Ω) as Schauder basis,
we take k to be the coordinate index of the first
nonzero coefficient of the eigenfunction correspond-
ing to δ4 (resp. α44), and define ϕ to be the corre-
sponding linear coordinate functional. We choose a
normalisation for the eigenfunctions that fixes the
corresponding eigenvalue as the coefficent ak of V ,
(V, λ) 7→ λ V
ϕ(V )
,
and solve the corresponding (nonlinear in V ) eigen-
problem
F (V ) , (DT (G∗)− ϕ(V ))V = 0,
An initial guess, V 0, for the eigenfunction V may
be found by computing the correponding normalised
eigenvector for the truncated problem nonrigorously
and then employing a nonrigorous newton iteration
to improve the initial guess.
E. Newton’s method for eigenfunctions
Following the method used for the existence proof,
we then form a quasi-Newton operator, Ψ, whose
fixed points are the relevant zeros. We first note
that F has Frechet derivative given formally by
DF (V )δV = DT (G∗)δV − ϕ(δV )V − ϕ(V )δV.
The quasi-Newton operator for this problem is given
by
Ψ : V 7→ V − Λ̂ [DT (G∗)V − ϕ(V )V ] ,
in which we choose a fixed invertible linear operator
Λ̂ such that for all f ∈ B3 , B(V 0; 0, ρ̂), we have
Λ̂δV ' [DT (G∗)δV − ϕ(δV )V 0 − ϕ(V 0)δV ]−1 .
The Frechet derivative of the quasi-Newton operator
is thus given by
DΨ(V )δV = δV − Λ̂[DT (G∗)δV
− φ(δV )V − φ(V )δV ].
1. Choosing the fixed linear operator
Following sections III C and III E, we aim to
bound ‖Ψ(V 0) − V 0‖ ≤ ̂ via function ball oper-
ations on a singleton ball B2 , B(V 0; 0, 0). We
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must then bound ‖DΨ(V )(ej)‖ ≤ κ < 1 for all
V ∈ B3 = B(V 0; 0, ρ̂) and all j ≥ 0.
Anticipating a dependency problem of the sort en-
countered in section III F, we examine the linear op-
erator, Λ̂ more closely. We have
DF (V )δV = DT (G)δV − ϕ(δV )V − ϕ(V )δV
= (DT (G)− V e∗k − VkI) δV,
DF (V ) ' ∆− V 0e∗k − V 0k I,
where V 0 is a suitable approximate eigenfunction
and e∗k denotes the adjoint of the basis element ek,
and the subscript on V and V 0 denotes the relevant
power series coefficient. Recall that ∆ ' DT (G0) is
chosen so that its action on HA (Ω) is zero. In order
to implement Λ (which we choose to be the inverse
of the above operator) we need to think about the
action of the operator on the polynomial and high-
order parts of the space.
Assume, without loss of generality, that k = 0 so
that ϕ(V ) = V0 then, for a suitable V 0 (chosen with
HV 0 = 0), we may then take the (block diagonal)
operator specified by
Γ = ∆− V 0e∗0 − V 00 I =

∆00 − 2V 00 ∆01 · · · ∆0N 0
∆10 − V 01 ∆11 − V 00 · · · ∆1N 0
...
...
. . .
...
...
∆N0 − V 0N ∆N1 · · · ∆NN − V 00 0
0 0 · · · 0 −V 00 I
 .
2. Overcoming the dependency problem
Recall that
Ψ : V 7→ V − Λ̂[DT (G)V − ϕ(V )V ],
with Frechet derivative
DΨ(V ) : δV 7→ δV − Λ̂[DT (G)δV
− ϕ(δV )V − ϕ(V )δV ].
We recall that multiple occurences of the perturba-
tion δV in an expression are treated as functions
varying independently within function balls in the
rigorous computational framework, each contribut-
ing separately to the resulting norm. There is there-
fore a dependency problem due to the terms δV and
Λ̂ϕ(V )δV in the above.
To resolve this, consider the action of DΨ(V ) on
a high-order perturbation δVH ∈ HA (Ω):
DΨ(V )δVH = δVH − Λ̂
[
DT (G)δVH − ϕ(V )δVH
]
=
(
1− ϕ(V )
ϕ(V 0)
)
δVH − Λ̂DT (G)δVH ,
since ϕ(δVH) = 0 and the action of Λ̂ on the high-
order part of the space is given by −(1/V 00 )I. Note
that for V close to V 0, the contribution from the
first term in the above expression is close to zero.
In order to avoid a bound on
‖DΨ(B(V 0; 0, ρˆ))(EH)‖ exceeding 2, we therefore
use the latter expression given above forDΨ(V )δVH ,
with V ranging over the ball B(V 0; 0, ρ̂), when com-
puting DΨ(V )EH .
Using the parameters from the proof of existence
for G∗, given in the first row of Table I, we obtain a
rigorous bound ‖Ψ(V 0) − V 0‖ < ε̂ = 3.17 × 10−16,
then choosing ρ̂ = 10−15 yields ‖DΨ(B(V 0; 0, ρ̂))‖ <
κ̂ = 1.17× 10−3, which establishes that Ψ is indeed
a contraction mapping on B(V 0; 0, ρ̂). The eigen-
value satisfies δ4 ∈ [7.28468621706, 7.28468621709].
We use high precision and high truncation degree
to obtain much tighter rigorous bounds on both the
eigenvalue and on the coefficients of the correspond-
ing eigenfunction V ∗, as shown in Table I and Table
II.
F. Evaluating the eigenfunction on larger
intervals
We note that the eigenfunction V satisfies the
equation
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V (X) = δ−1DT (G)V (X)
= δ−1
[−a−2V (1) ·G(Q(G(Q(a)X)))
+ a−1 · V (Q(G(Q(a)X)))
+ a−1 ·G′(Q(G(Q(a)X))) ·Q′(G(Q(a)X)) · V (Q(a)X)
+ a−1 ·G′(Q(G(Q(a)X))) ·Q′(G(Q(a)X)) ·G′(Q(a)X) ·Q′(a)V (1) ·X],
where a = G(1) and δ = ϕ(V ). This allows us to
evaluate the eigenfunction V (X) of DT (G∗), and
hence v(x) = V (Q(x)), the corresponding eigenfunc-
tion for DR(g∗), over larger subintervals of the real
line, by constructing recurrence relations that utilise
the function balls B1 3 G∗ and B3 3 V , already
computed, as a base case. See Fig. 7.
Specifically, we first make use of the fixed-point
equation in order to bound G′ over larger domains:
let G = G∗, then
G(X) = a−1G(Q(G(Q(a)X))). (20)
Differentiating gives
G′(X) = a−1G′(Q(G(Q(a)X))) ·Q′(G(Q(a)X))
·G′(Q(a)X) ·Q(a).
Using the above expression (together with the fixed-
point equation for G) recursively allows us to bound
G′ and hence, in combination with the above, V ,
over larger intervals extending outside Ω ∩ R.
V. CRITICAL SCALING OF ADDITIVE
NOISE
We now find tight rigorous bounds on the eigen-
function, w, and eigenvalue, γ, controlling the uni-
versal scaling of additive uncorrelated noise. The
iteration of a prototypical one-parameter family, fµ,
is modified to give xn+1 = Fµ,n(xn) , fµ(xn) + εξn
where, in the simplest case, the ξn are i.i.d. ran-
dom variables, independent of the xn. Adapting the
arguments presented in [34, 35], and retaining the
deterministic scaling a = f(1) in the definition of
the renormalisation operator, we write w = W ◦ Q
and consider the eigenproblem
γ2W = LW,
in which we define the linear operator L by
LW , L12 ·W (Q(G(Q(a)X))) + L22 ·W (Q(a)X),
where we define
L1 , a−1,
L2 , a−1G′(Q(G(Q(a)X))) ·Q′(G(Q(a)X)).
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FIG. 7. (Top) The eigenfunction V corresponding to
the essential expanding eigenvalue δ4. (Bottom) v(x) =
V (Q(x)).
In the above, G = G∗. We note that the expressions
L1, L2 are those prefactors in the Frechet deriva-
tive, DT (G), of equation 4 that do not correspond
to variations in a (equivalently, those in the terms
14,15 of DR(g)). We note also that the correspond-
ing operator acting on g emerges as a special case
of the analysis presented in [36] for the correlated
case. Following our treatment for the eigenfunctions
of DT (G), we encode the eigenvalue within W by
defining γ = ϕ(W ) and expressing the problem as
F(W ) , (L − ϕ(W )2I)W = 0.
The operator F has Frechet derivative
DF(W ) : δW 7→ LδW − 2ϕ(W )ϕ(δW )W − ϕ(W )2δW.
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FIG. 8. (Top) The eigenfunction w(x) = W (Q(x)) cor-
responding to critical scaling of Gaussian noise in the
iteration of maps with quartic critical point. (Bottom)
Plotting w(x) with a logarithmic scale over a larger inter-
val emphasises the self-similar structure. (Observe that
w(x) ≥ 0 ∀x.)
We form the quasi-Newton operator
Θ(W ) ,W − ΛF(W ),
where Λ is a fixed linear operator Λ ' [DF(W 0)]−1.
The Frechet derivative is given by
DΘ(W )δW
= δW − ΛDF(W )δW
= δW − Λ[LδW − 2ϕ(W )ϕ(δW )W − ϕ(W )2δW ].
In particular, we take
DF(W ) ' L− 2ϕ(W 0)W 0e∗0 − ϕ(W 0)2I,
choosing W 0 such that HW 0 = 0, and take Λ to be
the inverse operator, which therefore has the follow-
ing action on high-order terms
ΛδWH = − 1
ϕ(W 0)2
δWH .
To mitigate the corresponding dependency prob-
lem, we compute the action of DΘ(W ) on a high-
order perturbation δWH ∈ HA (Ω):
DΘ(W )δWH =
[
1−
(
ϕ(W )
ϕ(W 0)
)2]
δWH − ΛLδWH .
Using the parameters from the proof of existence
for G∗ given in the first row of Table I, we ob-
tain ‖Θ(W 0) − W 0‖ < ε˜ = 2.35 × 10−16; choos-
ing ρ˜ = 10−15 then gives ‖DΘ(B(W 0; 0, ρ˜))‖ <
κ˜ = 7.85 × 10−3, establishing that Θ is a con-
traction on B(W 0; 0, ρ˜). Table I demonstrates
that these bounds may be improved significantly.
Fig. 8 shows the corresponding eigenfunction.
Working with truncation degree 40 and 40 dig-
its in the significand yields the crude bound γ ∈
[8.24391085424, 8.24391085427] for the noise eigen-
value, which we again improve by taking higher
truncation degree and by using multiprecision arith-
metic. Table II shows 323 digits proven correct.
These bounds agree with the initial digits presented
in [37].
In the above examples, the bound on κ corre-
sponds to the high-order bound fromDΦ(B1)EH for
N = 40, 80, 160, 320. However, for N = 480, 640, the
supremum is achieved by one of the DΦ(B1)Ek for
0 ≤ k ≤ N , indicating that a sufficently high trunca-
tion degree has been taken such that the loss of infor-
mation concerning the distribution of the high-order
bound amongst high-order coefficients no longer pro-
vides the dominant obstacle to improving the bound
on contractivity.
VI. DOMAIN OF ANALYTICITY
We now use the fixed-point equations
g∗(z) = a−1g∗(g∗(az)),
and
G∗(Z) = a−1G∗(Q(G∗(Q(a)Z))),
to find analytic continuations of G∗ and g∗ = G∗ ◦Q
to larger domains than Ω and Q−1(Ω) respectively
(here, Q−1(Ω) denotes the preimage of Ω under Q).
We note firstly that G∗ has a real-analytic exten-
sion to R and thus that g∗ is well defined on rays
{z = reinpi/2 : r ≥ 0, n = 0, 1, 2, 3} correspond-
ing to G∗(X) with X ∈ R, X ≥ 0, and on rays
{z = rei(2n+1)pi/4 : r ≥ 0, n = 0, 1, 2, 3} correspond-
ing to G∗(X) for X < 0.
We further categorise points z ∈ C according to
whether g∗(z) may be evaluated by using the power
series obtained for G∗ directly for Z = Q(z) = zd ∈
Ω, and indirectly for Z 6∈ Ω by using the fixed point
equation recursively. The latter results in a binary
tree of recursive evaluations of g, which we terminate
after a maximum recursion depth is reached.
Specifically, we define the following recursive func-
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FIG. 9. (Top) Part of the domain of analyticity of G∗
plotted by using the function ball B1 and the fixed-
point equation recursively. (Bottom) For comparison,
the complement of the domain of analyticity of G∗ ap-
proximated by adapting a method from [38]: we com-
pute contours of the escape time m for the condition
|(G◦Q)2m−1(G(Q(a)mZ))| > s, where G corresponds to
fµ∞ and s is chosen large.
tion G : C→ C× (Z ∪ {∞}):
G(Z, d) ,

(0, ∞) if d < 0,
(G∗(Z), 0) if d ≥ 0, Z ∈ Ω,
(a−1Y, max(d1, d2) + 1) otherwise,
where
(X, d1) , G(Q(a)Z, d− 1),
(Y, d2) , G(Q(X), d− 1).
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FIG. 10. Part of the domain of analyticity of g∗ plotted
by using the fixed-point equation recursively.
Pieces of the domains of analyticity of G∗ and g∗,
thus obtained, are shown in Figs. 9 and 10 respec-
tively.
Secondly, for those points at which g∗ may in-
deed be evaluated, subject to that maximum recur-
sion depth, we classify points according to whether
g∗(z) ∈ H− or g∗(z) ∈ H+ so that the resulting
tiling, shown in Fig. 11, may be compared with
that for the corresponding Yoccoz puzzle pieces in
the case of maps with degree 2 at the critical point
[38, 39].
VII. CONCLUSIONS
We have obtained tight bounds on the renor-
malisation fixed point function for period doubling
in unimodal maps with critical point of degree 4,
by means of a rigorous computer-assisted existence
proof using the contraction mapping theorem on a
suitable space of analytic functions. We have es-
tablished the structure of the spectrum of the lin-
earised operator at the fixed point, proving hyper-
bolicty and providing bounds on expanding eigenval-
ues. By expressing the corresponding eigenproblem
in nonlinear form, we have adapted the contraction
mapping argument to provide rigorous bounds on
eigenfunction-eigenvalue pairs, and have adapted the
technique to bound the eigenfunction and eigenvalue
controlling the universal scaling of additive noise in
the case of a deterministic choice of normalisation in
the renormalisation operator. These techniques de-
liver tight bounds on the relevant analytic functions
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FIG. 11. Part of the domain of analyticity of G∗ (top)
and g∗ (bottom) plotted by using the fixed-point equa-
tion recursively. Dark and light tiles indicate where
f(z) ∈ H+ and f(z) ∈ H−, for f = G∗, g∗.
and the corresponding universal constants. We have
computed analytic extensions of the relevant func-
tions to larger domains.
The method may be adapted to unimodal maps
with general integer critical exponent. In the case
of general even degree critical points, this relies on
finding suitable function domains. In the case of
odd degree critical points, the method may also be
applied by recourse to a suitably-modified functional
equation. Increasing the degree will inevatiably lead
to challenges in the rigorous numerics. We examine
both cases in forthcoming publications.
A. Computational issues
All computations are verified independently by
two different implementations of the function ball
algebra: the first is written in the high-performance
language Julia [40] and utilises multi-precision bi-
nary floating-point arithmetic with rigorous directed
rounding modes [29] conforming to the relevant sub-
set of standard IEEE754-2008. The second is written
in the language Python and utilises multi-precision
decimal floating-point arithmetic with rigorous di-
rected rounding modes conforming to the relevant
subsets of standards ANSI X3.274-1996, IEEE754-
2008, and ISO/IEC/IEEE60559:2011.
The framework for rigorous function ball opera-
tions is adapted from that of [6, 8] with the addition
of optimisations for the computation of the high-
order bound on products.
The integrity of the frameworks is verified with
the aid of over 1200 unit tests and functional tests.
Where parallel computation has been used, care was
taken to protect the integrity of rounding modes
across processes; all computations have been veri-
fied as bit-for-bit identical against the corresponding
serial code.
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